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ABSTRACT
It is common practice to describe formal size and mass scales of dark matter halos as spherical
overdensities with respect to an evolving density threshold. Here, we critically investigate the evo-
lutionary effects of several such commonly used definitions and compare them to the halo evolution
within fixed physical scales as well as to the evolution of other intrinsic physical properties of dark
matter halos. It is shown that, in general, the traditional way of characterizing sizes and masses of
halos dramatically overpredicts the degree of evolution in the last 10 Gyr, especially for low-mass
halos. This pseudo-evolution leads to the illusion of growth even though there are no major changes
within fixed physical scales. Such formal size definitions also serve as proxies for the virialized region
of a halo in the literature. In general, those spherical overdensity scales do not coincide with the
virialized region. A physically more precise nomenclature would be to simply characterize them by
their very definition instead of calling such formal size and mass definitions ’virial’. In general, we find
a discrepancy between the evolution of the underlying physical structure of dark matter halos seen in
cosmological structure formation simulations and pseudo-evolving formal virial quantities. We ques-
tion the importance of the role of formal virial quantities currently ubiquitously used in descriptions,
models and relations that involve properties of dark matter structures. Concepts and relations based
on pseudo-evolving formal virial quantities do not properly reflect the actual evolution of dark matter
halos and lead to an inaccurate picture of the physical evolution of our universe.
Subject headings: galaxies: halos — galaxies: structure — galaxies: kinematics and dynamics —
galaxies: evolution — dark matter — methods: numerical
1. INTRODUCTION
Within the currently favored cosmological framework
where the energy content is dominated by dark energy
and cold dark matter and space is flat (ΛCDM), peaks
of the initial matter density field become gravitationally
unstable, collapse, then virialize and finally form what
we call dark matter halos. Embedded within those dark
matter halos is the baryonic matter that forms the galax-
ies, which we can observe. For a recent, detailed and
pedagogical review on the theory of cosmological struc-
ture formation see Knobel (2012) and references therein.
Therefore, for a comprehensive understanding of the uni-
verse, it is of fundamental importance to understand how
structures form in cosmology and how dark matter halos
and their enclosed galaxies evolve with cosmic time.
In the simplest conceivable scenario, one can study the
collapse of a spherically symmetric density perturbation
in an otherwise homogeneous universe (Gunn & Gott
1972). This is called the spherical collapse model and we
review its essentials in Section 2. When combined with
the spectrum of (known) perturbations, this results in
an analytic and elegant model for structure formation in
the universe. This approach was pioneered in the seminal
work of Press & Schechter (1974) and led to fundamental
concepts of how we describe the size and mass of dark
matter halos and their abundance (i.e. mass function),
that are used to describe the properties of our universe.
The increase of computer power over the last few
decades has enabled the possibility to simulate the for-
mation of structure in the universe with ever better and
more detailed models. This has led to a good under-
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standing of the large-scale structure of the dark mat-
ter (e.g. Springel et al. 2005; Boylan-Kolchin et al. 2009;
Teyssier et al. 2009; Kim et al. 2011; Klypin et al. 2011),
as well as the detailed small-scale and phase-space struc-
ture of individual dark matter halos (e.g. Diemand et al.
2007, 2008; Diemand & Kuhlen 2008; Springel et al. 2008;
Stadel et al. 2009; Vogelsberger et al. 2009; Zemp et al.
2009). Nowadays, the major challenge for computational
structure formation simulations is to model the complex
physics of star formation and feedback in a robust fash-
ion.
In order to describe the properties and distribution of
dark matter halos in such simulations, it is common prac-
tice to use concepts that are rooted in the simplistic ana-
lytic models from the early days of the era of cosmological
structure formation. Concretely, inspired by the spheri-
cal collapse model, the sizes and masses of dark matter
halos are defined with respect to a density threshold that
in general evolves with cosmic time. Such definitions
lead to pseudo-evolution: an artificial growth of the size
and mass of a dark matter halo without much happening
within fixed physical scales (Diemand et al. 2007; Cuesta
et al. 2008; Diemer et al. 2013b, see also appendix A for
an illustration of the pseudo-evolution mechanism). In
this paper, we expand on earlier studies and shed further
light on the issue from various, previously unexplored an-
gles. We also discuss potential solutions and more phys-
ical descriptions.
The structure of this paper is as follows. In Section
2, we review the ideas and models that have inspired
dark matter halo size/mass definitions based on spherical
overdensities. In Section 3, we study the evolution of
various properties of dark matter halos in a cosmological
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2structure formation simulation over the last 10 Gyr. This
is then followed by a detailed discussion in Section 4,
where we discuss the implications on models, descriptions
and relations within the realm of structure and galaxy
formation. We then conclude and summarize in Section
5.
2. CHARACTERISTIC SCALES BASED ON
SPHERICAL OVERDENSITIES
The simple picture of the formation of halos in the
universe within the framework of the spherical collapse
model served as an inspiration for definitions of sizes
and masses of halos commonly used. Classically (see
for example Binney & Tremaine (2008), section 9.2.1,
or Knobel (2012), section 2.3.1), this is derived for an
Einstein-de Sitter universe (i.e. ΩM = 1, ΩΛ = 0,
ΩK = 0, ρmean = ρcrit at all times) where a spherical
region is overdense with respect to the rest of the uni-
verse. The matter is assumed to be cold (i.e. no shell
crossing) and to have no angular momentum (i.e. only
radial motions). Therefore, the dynamics of the over-
density is solely determined by the total interior mass.
This overdensity will initially expand, but this expan-
sion will slow down due to gravity and will come to a
halt at the turnaround radius at a time tta. At this
turnaround point, the density contrast of the sphere with
respect to the mean matter density of the universe will be
ρsphere(tta)/ρmean(tta) = 9pi
2/16 ≈ 5.552. Theoretically,
the oversimplified spherical collapse model would reach
a singularity at tvir = 2tta but in reality the collapsing
dark matter will virialize and settle into an equilibrium
configuration which we call a halo. Energy conservation
and the virial theorem then imply that the size of the
sphere is rvir = r(tta)/2. Since for the mean matter den-
sity in an Einstein-de Sitter universe ρmean ∝ t−2, the
mean matter density drops by a factor 4 and the density
within the sphere increases by a factor of 8. Thus we get
for the density contrast at virialization
∆vir ≡ ρsphere(tvir)
ρmean(tvir)
= 18pi2 ≈ 177.7 , (1)
i.e. the average density within the virialized region of
size rvir is given by
ρvir = 18pi
2ρmean (2)
and the mass is given by
Mvir = (4pi/3)r
3
virρvir . (3)
The classic derivation for the Einstein-de Sitter uni-
verse can be generalized for an open universe (i.e. ΩM <
1, ΩΛ = 0, ΩK > 0) or a ΛCDM universe (i.e. ΩM+ΩΛ =
1, ΩK = 0) (Lacey & Cole 1993; Eke et al. 1996, 1998;
Bryan & Norman 1998). For the more relevant case of
a ΛCDM universe, there are two common formulas that
are used. Eke et al. (1998) fit their calculations with
ρvir = 178 Ω
0.45
M ρcrit (4)
whereas Bryan & Norman (1998) find the following fit
ρvir = (18pi
2 − 82q − 39q2)ρcrit (5)
where
q ≡ ΩΛ,0
ΩM,0a−3 + ΩΛ,0
(6)
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Figure 1. Evolution of 4 commonly used definitions for the spher-
ical overdensity threshold ρSO as function of cosmic time since the
big bang (bottom axis) respectively redshift (top axis) in a ΛCDM
universe. It is evident that all of those 4 definitions evolve quite a
bit over the shown range of approximately the last 10 Gyr. At high
redshift ΩM → 1 and therefore all definitions are similar. Today
at z = 0, there is a difference of a factor of around 3 between the
200m and the 180c definitions with the definitions of E98 (equation
4) and BN98 (equation 5) in the middle.
and a is the scale factor.
These definitions of size and mass of a halo inspired by
the spherical collapse model can be put in a more general
form
ρSO ≡ MSO
(4pi/3)r3SO
= ∆ ρref (7)
so that the halo is defined by the sphere where the aver-
age spherical overdensity (SO) reaches a specified thresh-
old. In general, ∆ can be constant or a function of time
and the reference density ρref is either chosen to be the
mean matter density of the universe ρmean (often also de-
noted as the background density) or the critical density
of the universe ρcrit, which are both functions of time as
well.
Often used definitions in practice are ρSO = 200 ρmean
(200m), ρSO = 180 ρcrit (180c) or one of the definitions al-
ready given in equation (4) (E98) or (5) (BN98) above. In
Fig. 1, we show the evolution of those 4 commonly used
definitions over a range of 10 Gyr in a ΛCDM universe
with ΩM,0 = 0.28 and ΩΛ,0 = 0.72. At early times (high
redshift), the contribution of a cosmological constant is
vanishing, ΩM → 1 and as a consequence ρmean → ρcrit.
Therefore, all of those 4 spherical overdensity definitions
are similar at high redshift. Today at z = 0, there is a dif-
ference of a factor of around 3 between the 200m and the
180c definitions with the E98 and BN98 definitions in the
middle.1 The overall evolution of all 4 definitions over
approximately the last 10 Gyr is quite evident from Fig.
1. In the literature, any of these 4 definitions, and other
similar definitions, are used as proxy to define a virial-
ized region. For example in the case 200m, the formal
virial radius and mass are defined by rvir = r200m and
Mvir = M200m = M(r200m), respectively. In appendix B,
1 Both fits to the generalized spherical collapse model agree quite
well in this time range but the form of the fitting function in equa-
tion (4) is much simpler.
3we illustrate the evolution of the difference between the
various formal virial mass definitions used in this study.
Here, it is interesting to remark that not all of
those definitions will be physically meaningful in the
far future. In the future, the critical density will ap-
proach the asymptotic value ρcrit,∞ = 3H20 ΩΛ,0/8piG (=
97.91M kpc−3 in our cosmology), whereas the mean
matter density ρmean goes to zero. Therefore, the 180c
and BN98 definitions will reach asymptotic values and
are well defined also in the far future. The 200m and
E98 spherical overdensity thresholds approach zero and
will enclose larger and larger regions. The enclosed mass
in these cases will converge but is typically larger than
the ultimate bound mass within the turnaround radius
(see e.g. Busha et al. 2005). Of course, the E98 and BN98
fits to the generalized spherical collapse model are only
valid for a certain range of scale factors (for details con-
sult the papers) and should not be extrapolated into the
far future.
3. EVOLUTION OF PHYSICAL PROPERTIES
3.1. Simulation data
In order to illustrate some points about the evolu-
tion of physical properties, we use data from a moder-
ately sized dissipationless dark matter N-body simulation
that was used in order to select objects for the hydro-
dynamical simulations presented in Zemp et al. (2012).
The periodic simulation box had a comoving length of
Lbox = 25.6h
−1 Mpc ≈ 36.57 Mpc and the adopted
ΛCDM cosmology had a total matter density parameter
ΩM,0 = 0.28, cosmological constant ΩΛ,0 = 0.72, Hubble
parameter H0 = 100h km s
−1 Mpc−1, with h = 0.7, lin-
early extrapolated normalization of the power spectrum
σ8 = 0.82, and spectral index ns = 0.96. The number
of particles was 2563 ≈ 1.678 × 107 resulting in a par-
ticle mass of 1.110 × 108M and the softening for each
particle was set to 1/20 of the initial inter-particle sep-
aration resulting in a softening length of  = 7.143 kpc.
The time evolution was performed with the N-body code
PKDGRAV2 (Stadel 2001).
At 8 snapshots equally spaced in cosmic time over the
last 10 Gyr before z = 0 (the exact time range is 9.609
Gyr, z = 1.592 . . . 0), we have identified the dark matter
halos with the AMIGA Halo Finder (AHF, v1.0-064)2
(Knollmann & Knebe 2009) and tracked the individual
halos over the different epochs with the merger tree tool
that is part of the AHF package. The resulting halo
catalogs and tracks allow us to study the properties of
individual dark matter halos and their evolution with
time.
For each halo at the various epochs, we generate spher-
ically averaged profiles from 2.5  out to several Mpc with
the profiling tool presented in the appendix of Zemp et al.
(2012). The bins are logarithmically spaced and we use
10 bins per dex. We run the analysis for 3 different spher-
ical overdensity size/mass definitions: 1) 200m, 2) E98
and 3) 180c. In each case, we only use halos which are
distinct, i.e. over the whole time the halo was never part
of a larger halo or got tidally truncated. We allow for
only partially complete halo tracks over the considered
time range, i.e. we include halos that form at a redshift
2 http://popia.ft.uam.es/AHF/
lower than z = 1.592. However, for most of the halos the
track is complete over the considered time range.
We then classify the halo tracks according to the mass
the halo has at z = 0 in each of the 3 size/mass definitions
and calculate the median as well as the 15th and 85th
percentile over all halo tracks in each bin. With this we
can make statistically more meaningful statements about
the typical behavior of a class of halos. We have checked
and using only complete halo tracks makes hardly any
difference in the medians and percentiles. In Table 1 we
summarize the number of halo tracks in each mass bin.
The most massive object in our simulation has
a mass at z = 0 of (M200m,0,ME98,0,M180c,0) =
(2.957, 2.201, 1.652) × 1014M. Thus, we only have a
few objects with masses above 1013.5M for all 3 mass
definitions within our simulation box. Therefore, we can
only indicate trends for those clusters which are still in
the assembly process today. Our focus here is mainly
on objects smaller than clusters anyway. Those objects
have typically a rather quiet recent merger history and
do not show much evolution as we will see later.
We present the various evolution plots as a function of
cosmic time t. The linearity of time is more intuitive for
human beings from daily experience - at least we feel this
way. Time expressed as redshift z or scale factor a can
often give misleading impressions about how fast physical
processes run in cosmology. Nonetheless, we plot on the
top axis the corresponding redshift as well for those who
want to compare with the more observer-friendly redshift
as time indicator.
3.2. Spherical overdensity mass and size evolution
In Fig. 2, we show the mass evolution for the size/mass
definition 200m, M200m, over the last ca. 10 Gyr for dif-
ferent classes of halos as specified in Table 1. For com-
parison, we also plot the evolution of the mass within
a fixed physical scale of r200m,0, the size each halo had
at z = 0. For each halo track the masses are normal-
ized by the mass of the halo at z = 0, M200m,0. It can
be easily seen that the spherical overdensity size/mass
definition overpredicts the growth when compared to
the mass content within a fixed physical scale. For
example, for halos that are in the mass range 10.0 ≤
log10(M200m,0/M) < 10.5 one would assume that they
have grown by a factor of 2 in the last 10 Gyr when look-
ing at M200m but typically all of the mass was essentially
already in place 10 Gyr ago. Similarly for the mass range
12.0 ≤ log10(M200m,0/M) < 12.5 where one would tra-
ditionally come to the conclusion that those objects have
typically grown by ca. a factor of 3 whereas ≈ 75% of
the mass was already in place within r200m,0 10 Gyr ago.
This discrepancy is clearly due to the evolving spherical
overdensity threshold ρSO as shown in Fig. 1. If we fix
this threshold density to the value it has at z = 0 and
then calculate the mass within the resulting sizes r200m0 ,
we can see in Fig. 2 that this definition is essentially
identical to the evolution of the mass within the fixed
physical scale r200m,0. Only for halos in higher-mass bins
do we see some deviation mainly at high redshift.
In Fig. 3, a complementary version of Fig. 2 for
sizes, we present for a subset of the mass categories (for
brevity) the evolution of the different size scales asso-
ciated with the different definitions. The large growth
4Table 1
Number of all (left) and complete (right) halo tracks over the last 10 Gyr
in each mass class for the 3 different size/mass definitions. The halo
tracks are assigned to mass classes according to the mass M0 the halo has
at z = 0 for each size/mass definition, i.e. M200m,0, ME98,0 respectively
M180c,0.
Mass class 200m E98 180c
10.0 ≤ log10(M0/M) < 10.5 2988 / 2454 2877 / 2434 2795 / 2424
10.5 ≤ log10(M0/M) < 11.0 1241 / 1168 1198 / 1140 1127 / 1089
11.0 ≤ log10(M0/M) < 11.5 456 / 453 404 / 399 366 / 362
11.5 ≤ log10(M0/M) < 12.0 175 / 173 158 / 157 150 / 149
12.0 ≤ log10(M0/M) < 12.5 57 / 57 55 / 55 48 / 48
12.5 ≤ log10(M0/M) < 13.0 29 / 29 29 / 29 26 / 26
13.0 ≤ log10(M0/M) < 13.5 10 / 9 6 / 5 6 / 5
13.5 ≤ log10(M0/M) 3 / 3 3 / 3 3 / 3
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Figure 2. Mass evolution for the size/mass definition 200m, M200m, over the last 10 Gyr for different classes of halos. Also shown is the
evolution of the mass within a fixed physical radius of r200m,0, the size at z = 0, as well as the alternative size/mass definition where the
spherical overdensity ρSO was fixed at the value at z = 0 in order to find the size r200m0 . For each halo track the masses are normalized
by the mass of the halo at z = 0, M200m,0. Plotted is the median (lines) over all halo tracks in the various mass bins as well as the 15th
to 85th percentile range (shaded regions). It is clearly evident that the spherical overdensity size/mass definition overpredicts the growth
when compared to the mass content within a fixed physical scale.
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Figure 3. Relative size evolution for different definitions over
the last 10 Gyr for a subset of the mass categories. Plotted are
medians over all halo tracks as lines as well as the range between
the 15th and 85th percentiles as shaded region. Reflecting the
large growth in mass seen before, we can also observe an extensive
increase in the associated size r200m. We also see that the radius
that contains the mass at z = 0, r(M200m,0), is still contracting for
higher-mass halos at high redshift. Later on, however, and for low-
mass objects that mass shell is essentially in place and does not
vary much with time. Similarly the scale r200m0 resulting from
keeping the spherical overdensity threshold constant shows only
some growth early on for high-mass objects.
in mass seen before is also reflected in the extensive in-
crease in the associated size r200m. We also see that the
radius that contains the mass at z = 0, r(M200m,0), is
still contracting for higher-mass halos at high redshift.
Later on, however, and for low-mass objects that mass
shell is essentially in place and does not vary much with
time. Similarly, the scale r200m0 resulting from keeping
the spherical overdensity threshold constant shows only
some growth early on for high-mass objects.
This is a clear indication, that for all halo classes there
was much more matter already in place 10 Gyr ago than
one would infer from the usual spherical overdensity def-
inition. For small objects there seems to be not much
physical accretion at all and the amount of physical ac-
cretion increases with halo mass. However, for all halo
mass bins the amount of growth is overpredicted when
compared to what happens within fixed physical scales.
This pseudo-evolution due to the evolving density thresh-
old leads to an illusion of growth for dark matter halos.
In order to present our findings in a compact way and
to include the results from the other 2 size/mass defini-
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Figure 4. Average relative growth rate of the various mass me-
dians as in Fig. 2 for all 3 different size/mass definitions. As in
Fig. 2, 3 types of medians are shown (same line style): radius fixed
at z = 0 value (solid, e.g. M(r200m,0)/M200m,0), evolving density
threshold (dashed, e.g. M200m/M200m,0), and density threshold
fixed at z = 0 value (dash-dotted, e.g. M(r200m0 )/M200m,0).
tions, we show the average relative growth rate of the
various mass medians of Fig. 2 for all 3 size/mass def-
initions as a function of halo class in Fig. 4. For every
mass bin we calculate for each median curve m in Fig. 2
κ ≡ (m0 −m1.592)/m1.592
∆t
(8)
with ∆t = 9.609 Gyr over the redshift range z =
1.592 . . . 0 in our cosmology. We show the same
3 types of medians as already plotted in Fig. 2
(same line style): radius fixed at z = 0 value
(solid, e.g. M(r200m,0)/M200m,0), evolving density
threshold (dashed, e.g. M200m/M200m,0), and den-
sity threshold fixed at z = 0 value (dash-dotted, e.g.
M(r200m0)/M200m,0). Of course the growth is, in gen-
eral, not linear with cosmic time over this time interval
(as can be seen in Fig. 2) but this average linear growth
rate serves as a good indicator to quantify the differences
between the various definitions.
In general, the average relative growth rate κ increases
with halo mass for all mass definitions. There is, how-
ever, quite a discrepancy between the evolving spherical
overdensity definition (dashed) and the other 2 defini-
tions where either the physical size or the spherical over-
density threshold was held constant. The difference is
larger the more the spherical overdensity threshold (see
Fig. 1) varies with time, i.e. largest for the 200m and
smallest for the 180c definition. Also, for small-mass
halos the degree of pseudo-evolution is larger than for
high-mass objects.3
3.3. Intrinsic physical scales
3 The attentive reader has probably realized, that for the 200m
definition the data points for the 2 definitions, where the physical
size or the spherical overdensity threshold was held constant, are
missing in the smallest halo mass bin in Fig. 4. This is due to the
fact that for both cases the median growth is marginally negative
in our data for this mass bin and hence an artifact of the plot
having a logarithmic y-axis.
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Figure 5. Relative evolution of the maximum value of the circular
velocity curve, vc,max, over the last 10 Gyr. The same mass classes
as in Fig. 3 are shown. The medians are plotted as lines and
the range between the 15th and 85th percentiles is marked by the
shaded region. The evolution is rather moderate over this time
interval and reflects more the behavior already seen for the size
and mass of halos when fixed physical scales are considered.
In this section, we would like to quantify the evolution
of several intrinsic physical scales of dark matter halos.
3.3.1. Maximum value of circular velocity curve
The maximum value of the circular velocity curve is
an intrinsic physical scale for an individual dark matter
halo. The value of vc,max is often used in the literature as
an alternative to mass in order to characterize the ’size’
of a dark matter halo. In Fig. 5, we show the evolution
of vc,max over the last 10 Gyr. The same mass bins as
in Fig. 3 are shown. We see that the overall evolution
is rather moderate and much more reflects the modest
evolution of size and mass of halos when fixed physical
scales are considered (see Figs. 2 and 3).
As expected for a characteristic scale of a dark matter
halo, the determination of the maximum value of the
circular velocity curve is not sensitive to the size/mass
definition used. Therefore, the evolution of vc,max differs
only marginally for the other 2 size/mass definitions from
what is shown in Fig. 5 for the 200m definition.
3.3.2. Scale radius
The family of the αβγ models, given by
ρ(r) =
ρ0
(r/rs)γ [1 + (r/rs)α]
β−γ
α
, (9)
is often used to describe the spherically averaged den-
sity structure of various objects in the universe. Navarro
et al. (1996) found that the parameter set (α, β, γ) =
(1, 3, 1) provides excellent fits for the density profiles of
dark matter halos in dissipationless structure formation
simulations: the so-called NFW profile. Recent work has
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Figure 6. Evolution of the scale radius over the last 10 Gyr for the
NFW as well as the Einasto fit for the 200m size/mass definition.
The evolution is normalized to the values at z = 0. The lines
denote the medians and the shaded region the range between the
15th and 85th percentile. It is evident that for low-mass objects
the scale radius rs does not show much evolution. Even for the
12.5 ≤ log10(M200m,0/M) < 13.0 mass class the median growth
of rs is rather moderate in both cases.
shown, however, that the central density profile is shal-
lower than ρ ∝ r−1 (Springel et al. 2008; Stadel et al.
2009; Navarro et al. 2010) and that often the Einasto
(1965) profile
ρ(r) = ρ0 exp
(
− 2
α
[(r/rs)
α − 1]
)
(10)
provides a better fit.
A generic feature of both of these density profiles is
that at a certain physical scale, the scale radius rs, a
transition between a shallower inner region to a more
steeper outer regions happens. The dividing logarithmic
slope at rs is d ln(ρ)/d ln(r)|rs = −2 for the NFW as well
as the Einasto profile, i.e. rs = r−2, the location where
the logarithmic slope is −2. Therefore, we would like to
describe the evolution of this physical transition scale rs
with cosmic time.
For each dark matter halo we fit an NFW profile where
the fitting radial range was limited to 0.8 times the size
the halo had at z = 0 (i.e. r200m,0, rE98,0 respectively
r180c,0) at all times, i.e. the fitting range was constant in
time. It is common practice to limit the fitting range in
order to avoid complications with massive substructures
in the outer parts of dark matter halos (see e.g. Navarro
74 6 8 10 12 14
t [Gyr]
10-1
100
c200m,NFW/c200m,NFW,0
c200m,E/c200m,E,0
cv/cv,0
1.5 1 0.5 0
z
11.5  log10(M200m,0/M¯) < 12.0
Figure 7. Relative evolution of the virial concentration for the
NFW as well the Einasto profile fits with rvir = r200m. The range
between the 15th and 85th percentile is marked by the shaded
regions and the lines represent the medians. For Milky-Way-sized
dark matter halos, one would think the virial concentration tripled
in the last 10 Gyr. This evolution is completely driven by the
artificial growth of the virial radius proxy r200m. Also shown is the
alternative concentration measure cv, which is based on properties
of the circular velocity curve (see equation 13) which essentially
stays flat over the same time range, however with a rather large
scatter (see main text for more details).
et al. 2010). We have experimented with various other
fitting ranges and our conclusions are not sensitive to the
specific choice. The Einasto profile has one more free
parameter than the NFW profile. We fixed the shape
parameter to α = 0.16, which is similar to other recent
work in the literature (e.g. Springel et al. 2008; Navarro
et al. 2010). We have checked that using similar, rea-
sonable values for α do not affect the fit values for rs
dramatically. Therefore, our fitting procedure is quite
robust and not sensitive to choices of parameters.4 The
fitting was done with the non-linear least-square mini-
mization Python package lmfit5 where we used the stan-
dard Levenberg-Marquardt algorithm in order to mini-
mize the figure-of-merit or residual function
R2 ≡
Nbin∑
i=1
(
ln(ρdatai )− ln(ρfiti
)2
. (11)
In Fig. 6, we show the relative evolution of the scale
radius for the NFW and Einasto profile fit for the 200m
size/mass definition. We only show mass bins where the
formal virial radius r200m,0 contains at least ca. 1000 par-
ticles so that the internal structure of the halo is properly
resolved. For the low-mass halos there is nearly no evo-
lution present whereas the 12.5 ≤ log10(M200m,0/M) <
13.0 mass class shows some moderate growth over the
last 10 Gyr. The determination of the scale radius is
not sensitive to the details of the size/mass definition,
4 We even tried more methods to determine the transition ra-
dius r−2. A smoothing spline fit to the density profile or a
(α, β, γ) = (1, 2.5, 1) profile fit give essentially the same results for
the evolution of r−2. For clarity, we only present the results from
the NFW and Einasto fit. Interestingly, the (α, β, γ) = (1, 2.5, 1)
profile has the smallest scatter in the r−2 evolution.
5 http://lmfit.github.io/lmfit-py/
as expected for an intrinsic scale, and the results for the
other 2 size/mass definitions are essentially the same as
in Fig. 6. Our results are in good agreement with previ-
ous results in the literature which also show that the scale
radius is approximately constant in time for dark matter
halos after their formation (e.g. Bullock et al. 2001; Zhao
et al. 2003).
An alternative way of describing the density profile of
a dark matter halo is relating the scale radius rs to the
virial radius rvir via the virial concentration parameter
cvir ≡ rvir/rs (12)
where generally for the virial radius any spherical over-
density proxy is used (see Section 2). In Fig. 7, we
show for brevity the evolution of the concentration pa-
rameter for roughly Milky-Way-sized objects (11.5 ≤
log10(M200m,0/M) < 12.0). We show the median evo-
lution for both the NFW as well as the Einasto profile
fit. Since the scale radius essentially stays constant (see
Fig. 6), it is clear that nearly all the evolution is driven
by the artificial growth of the virial radius proxy r200m
for this halo class and one would think that the con-
centration had tripled in the last 10 Gyr. In Diemer
et al. (2013b), they find as well that especially for low-
mass halos the concentration evolution is mainly driven
by pseudo-evolution and we discuss this in more detail
in Section 4.
In Fig. 7, we also present the evolution of an alterna-
tive concentration measure (Alam et al. 2002; Diemand
et al. 2007)
cv ≡
ρ¯(rvc,max)
ρcrit,0
= 2
(
vc,max
H0 rvc,max
)2
. (13)
This intrinsic concentration measure has the advantage
that it is well defined both for isolated halos and sub-
halos. It does not make any assumptions about a spe-
cific shape of the density profile and does not depend
on any arbitrarily defined outer edge of the halo. This
concentration measure stays rather flat over the same
time range though with quite a large scatter. Since the
circular velocity curve is typically rather flat over some
range, the location where the maximum circular velocity
is reached, rvc,max , can exhibit quite some scatter over
time which is then reflected in the scatter of cv. The
large scatter is certainly a drawback for cv but the me-
dian behavior nonetheless indicates that a concentration
measure based on intrinsic properties of the circular ve-
locity curve of the dark matter halo, cv, shows qualita-
tively a different behavior than the virial concentration
cvir.
3.3.3. Virialized region
In this section, we would like to explore the possibil-
ity to estimate the virialized region via an operational
definition. A natural choice is to look at the local virial
ratio
Q ≡ −2K
W
(14)
in each spherical shell of our profiles, where K is the
kinetic and W potential energy of the matter in the
shell (see Appendix C for more information on how we
calculate Q in detail). From the scalar viral theorem
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Figure 8. Evolution of our virial radius estimate, operationally
defined via the virial ratio (see main text for details). In general,
the virialized region is growing with time. The E98 definition is
usually underestimating the virialized region.
2K + W = 0 follows that for virial equilibrium we get
Q = 1 and the shell is unbound for Q > 2. Here, we
define the virialized region where Q < Qcrit = 1.4. Of
course, this operational definition depends on the choice
of the Qcrit value. Similar values as here with Qcrit = 1.4
are used in the literature (e.g. Bett et al. 2007; Neto et al.
2007). We have checked that our qualitative conclusions
do not change with similar choices for Qcrit.
In Fig. 8, we show the evolution of this operationally
defined virial radius rvir with time. We compare with the
definition E98, which should be the appropriate collapse
model for a ΛCDM cosmology and show the results for
2 different halo masses. It is evident that the virialized
region in general physically grows with time, i.e. the me-
dian rvir/rE98,0 curve increases. However, the E98 defi-
nition is in general underestimating the virialized region.
In Fig. 9, the median ratio of the resulting virial mass
Mvir with the mass from our 3 size/mass definitions are
shown as a function of halo mass at z = 0. We find that
for all masses and size/mass definitions, the operationally
defined virial mass does not coincide with the spherical
overdensity definition. The characteristic shape of this
ratio with the initial increase with halo mass and then
decrease for higher-mass halos is due to the typical radial
outflow (low-mass halos) respectively infall (high-mass
halos) patterns around those dark matter halos. For a
more detailed discussion see Cuesta et al. (2008) (figures
4 and 6) or the brief recapitulation below.
Maccio` et al. (2003) also used the differential virial ra-
tio in order to define a boundary layer of a halo. They,
however, define the potential energy differently than we
do in this study (see Appendix C). They also find that
virial masses determined with their method are larger
than the E98 size/mass definition. Cuesta et al. (2008)
used a different operational definition of the virialized
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Figure 9. Median ratio of our operationally defined virial mass
Mvir with the mass resulting from the 3 spherical overdensity def-
initions at z = 0 as a function of halo mass.
region (see also Busha et al. 2005; Prada et al. 2006).
They use the mean radial velocity as a function of ra-
dius for a class of objects. Typically, in central regions
of dark matter halos that are in equilibrium, the radial
velocity is close to zero. Further out, the radial velocity
curve starts deviating from zero. For objects that are
still accreting, the radial velocity is negative over some
radial range further out due to the infalling matter. Even
further away, cosmic expansion manifests itself and the
radial velocity becomes positive and grows with distance.
They found that small-mass objects do not have an infall
region any more at z = 0 and the radial velocity shows
an outflow pattern beyond the central static region where
the radial velocity is close to zero. At earlier times, there
was a moderate inflow region present in between the in-
ner equilibrium and the outer cosmic expansion region
for those small-mass objects which essentially has disap-
peared by z = 1. For more massive objects, such an infall
region is still present today and it becomes more promi-
nent with halo mass. In the far future though, even for
massive clusters, this infall pattern will disappear (Busha
et al. 2005). It is recommended to consult figures 4 and
13 in Cuesta et al. (2008) which depict these patterns
excellently. They then define the virialized region as the
central radial range where the radial velocity stays within
a certain threshold from zero. They call the size/mass as-
sociated with their definition the static radius rstatic and
static mass Mstatic, respectively. Their findings for the
static size/mass are in good qualitative agreement with
our results.6 For example, they find a similar behavior
of their static mass as we do in Fig. 9 as well as a gen-
eral discrepancy between Mstatic and MBN98, which they
use as their standard spherical overdensity definition (see
their figures 6, 9, 14 and 15).
The aim here is certainly not to establish or promote a
better way to define the virialized region of a dark mat-
ter halo - actually rather the contrary as we will discuss
6 We also looked at the static mass and can confirm their find-
ings. Thus, we opted to present a different approach to the oper-
ational definition of the virialized region based on the local virial
ratio in this study.
9in Section 4. All operationally defined estimates depend
on some choice of parameters as well assumed simplifi-
cations and symmetries (e.g. spherical symmetry). Ad-
ditionally, individual dark matter property profiles can
be quite noisy if one is interested in local (differential)
properties. This can lead to quite some scatter (as in
our case) and one can in general only make meaningful
statements in a statistical sense by averaging over a class
of halos than for an individual halo. This is certainly a
drawback of such methods when compared to the simple
spherical overdensity size/mass definition that operates
with a smoother, integrated quantity, namely the cumu-
lative mass profile. Also, such definitions can only be
applied to simulation data where the full phase-space in-
formation is available. Ultimately, we have to compare
our results to observational data where such operational
definitions of virialized regions are not feasible.
The main point we would make here is that, in gen-
eral, a simple spherical overdensity criterion does not
imply deeper fundamental physical properties like viri-
alization. A physically more precise nomenclature would
be to name such size/mass definitions by their charac-
teristic definition (e.g. r200m or M200m) and refrain from
the practice of calling them virial radius or virial mass,
since this is a deeper inherent physical property that does
not follow from simple overdensity based size/mass defi-
nitions.
3.4. Halo build-up
In this section, we would like to illustrate how a halo
of a certain mass class typically builds up over time.
In Fig. 10, we plot the medians over all halo tracks
within a halo class of mass fractions M(x)/M200m,0
within various constant physical radii x ≡ r/r200m,0 =
3, 2.75, 2.5, 2.25, 2, 1.75, 1.5, 1.25, 1, 0.75, 0.5, 0.25, 0.1
(from top to bottom). The x = 0.1 line is missing for the
smallest 2 mass classes since this is below the resolution
scale in our simulation box.
As evident from Fig. 10, the inner region of a halo
was typically already in place 10 Gyr ago (see e.g. the
x = 0.1 and x = 0.25 median lines). The region out to
r200m,0 does not show much evolution as well for small-
mass halos. For more massive objects, the mass assembly
in the outer region is clearly visible. At early times be-
yond r200m,0, the Hubble flow manifests itself since the
mass within a fixed physical radius is decreasing. In gen-
eral, closer mass shells stabilize earlier than more distant
mass shells. However, during the last few Gyr the mass
shells beyond r200m,0 do not show much evolution for
all halo classes except for the most massive objects we
consider. Those objects are still in the assembly process
today. This is a good illustration that the mass profiles
around dark matter density peaks extend way beyond a
formal virial radius and do not show much evolution once
a specific mass shell stabilized after the decoupling from
the cosmic expansion (see also discussion in Section 4).
This picture of the halo build-up is nicely comple-
mented by the studies of Prada et al. (2006), Cuesta et al.
(2008) and Diemer & Kravtsov (2014), where they have
studied the radial velocity patterns around dark matter
halos (see also Section 3.3.3). Low-mass objects today
(i.e. low sigma peaks in the density field) stopped ac-
creting a while ago since their infall region disappeared
and the matter distribution about those peaks has es-
sentially stabilized even beyond the formal virial radius.
More massive objects like, e.g., clusters (i.e. high sigma
peaks) still have an infall region at z = 0 and are there-
fore physically growing today. Figures 4 and 13 in Cuesta
et al. (2008) or figure 8 in Diemer & Kravtsov (2014) de-
pict these radial velocity patterns excellently.
4. DISCUSSION
In the previous Section 3, we have seen that the evo-
lution of spherical overdensity sizes and masses can lead
to an inaccurate and distorted picture of the assembly
process of dark matter halos. Especially for low-mass
objects, most of the physical matter distribution was al-
ready in place 10 Gyr ago (see also appendix A). Aspects
of this pseudo-evolution effect have been pointed out be-
fore in the literature. In Diemand et al. (2007) they
showed for a Milky-Way-sized object, the Via Lactea I
halo, that after the last major merger at z ≈ 1.7 the den-
sity profile is essentially established and the mass within
fixed physical scales is roughly constant whereas the for-
mal virial mass M200m is still growing (see their figures
3 and 4). They also point out that the small degree of
physical accretion is typical for Milky-Way-sized halos
by looking at a larger sample of halos in a cosmologi-
cal volume. Cuesta et al. (2008) also show that the dark
matter profile of a simulated Milky-Way-sized object typ-
ically does not evolve after z = 1 (see their figures 2 and
16). However, their main focus is on the discrepancy
between an operationally defined virial mass, which they
call static mass, that is defined by the size of the region of
a halo with zero radial velocity, and the BN98 virial mass
definition. They found that the BN98 virial mass defi-
nition is, in general, underestimating/overestimating the
static mass at low/high redshift (see their figures 15 and
16). The transition mass scale where Mstatic = MBN98
decreases dramatically with redshift so that especially for
low-mass objects the associated dynamic mass of a halo
is already underestimated for a long time. This is similar
to our findings in Section 3.3.3 for an operational defi-
nition of the virial mass based on the local virial ratio.
This effect can be understood by the typical shape of the
radial velocity profile for the different halo classes (see
also Section 3.3.3). Thus in general, the static mass does
not coincide with the BN98 virial mass proxy. Diemer
et al. (2013b) looked at the pseudo-evolution effect in a
statistical sense for a wide range of halo masses in the
Bolshoi simulation (Klypin et al. 2011). They investi-
gate the differences between the density profiles of dark
matter halos between z = 1 and z = 0 and found that
low-mass halos only grow by ca. 10% on average during
that time span. By assuming a static halo density profile
at z = 1/0, they estimate as well the pseudo-evolution
for each halo in 2 modes by forward/backward integra-
tion over this static profile with time. We are tracking
the individual halos for several simulation snapshots in
cosmic time and quantify the pseudo-evolution effect dif-
ferently by looking at fixed physical and intrinsic scales
of the dark matter halos. Their findings, however, are
in good agreement with our results (see e.g. their figure
4). Weinmann et al. (2013) studied the evolution of the
circular velocity function for objects in the Millennium-
II simulation (Boylan-Kolchin et al. 2009), measured at
a fixed physical radius of 20 kpc and found ”remarkably
little evolution since z = 4” (see their figure 4). This also
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Figure 10. Halo build-up over the last 10 Gyr. Plotted are the medians of mass fractions M(x)/M200m,0 within various constant physical
radii x ≡ r/r200m,0 = 3, 2.75, 2.5, 2.25, 2, 1.75, 1.5, 1.25, 1, 0.75, 0.5, 0.25, 0.1 (from top to bottom). For the smallest two mass classes, the
x = 0.1 line is missing since this is below the resolution scale in our simulation box. In general, the inner region of a halo was already
in place 10 Gyr ago (see e.g. the x = 0.1 and x = 0.25 lines). For small-mass halos, the region out to r200m,0 also does not show much
evolution whereas for more massive objects the growth of the outer regions is evident. Beyond r200m,0 the mass within a fixed physical
radius is decreasing at early times. This is a manifestation of the Hubble flow. However, the mass shells beyond r200m,0 are not showing
much evolution in the last few Gyr, except for the most massive objects. This illustrates nicely that the mass profile around dark matter
halos extends way beyond a formal virial radius.
indicates that the central region of dark matter halos is
already in place since early times (see also our Fig. 10).
The growth of formal virial quantities mainly reflects
the underlying cosmic expansion and dilution of matter
– though in a very convoluted way. The fundamental
problem is more that a structural description of a dark
matter halo via a single size/mass is not fully adequate.
Within the framework of the spherical collapse model,
the concept of virial mass is a perfectly suitable descrip-
tion of the halo. All the matter within the overdense
perturbation ends up in a spherical ball of a fixed size
and the rest of the universe is expanding away for eter-
nity. Therefore, a single size/mass number describes the
properties of a halo in this scenario appropriately. But
when we apply this concept to the much more complex
configuration of dark matter halos that form in cosmolog-
ical structure formation simulations, we get the artefact
of pseudo-evolution.
The effect of pseudo-evolution is also present for an-
other popular dark matter halo size/mass definition: the
friends-of-friends (FoF) method (Davis et al. 1985). With
this method, particles in a simulation are linked together
if their mutual distance is smaller than some linking
length, which is a free parameter of the method. Since it
is common practice to keep this linking length constant
in comoving coordinates, i.e. the linking length grows in
physical coordinates, the size and mass definition of FoF
halos grows accordingly. Therefore, the FoF method is
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also subject to a similar pseudo-evolution effect as in the
case for the spherical overdensity size/mass definitions.
Before it was feasible to extract halo tracks from cos-
mological structure formation simulations, such merger
trees were modeled analytically via the extended Press-
Schechter formalism (Bond et al. 1991; Bower 1991;
Lacey & Cole 1993). These analytic prescriptions are
still used nowadays since merger trees can be generated
much faster, with larger statistics and input parameters
(e.g. for a different cosmology) can be varied more easily
than for merger trees extracted from simulations. How-
ever, the underlying physical process is still the spheri-
cal (or often a more general ellipsoidal) collapse model.
These analytic merger trees are overpredicting the degree
of evolution since the mass evolution is very similar to
merger trees extracted from simulations where a pseudo-
evolving mass definition was used (see e.g. Jiang & van
den Bosch 2014).
In order to describe the density profiles of dark matter
halos, we think it is physically more intuitive to anchor
the parametrization on intrinsic properties. For example
in the case of an NFW profile (equation 9), one would
specify the scale radius rs and normalization ρ0
7 (see
e.g. Zemp et al. 2008), instead of linking a formal evolv-
ing outer edge rvir to a scale radius rs, which is rather
constant, via another evolving parameter, the virial con-
centration cvir. Dark matter halos do not have a well
defined outer edge and the density profiles are smooth
and can be extended well beyond the formal virial radius
(Prada et al. 2006; Tavio et al. 2008). Thus, anchoring
the parametrization of density profiles on intrinsic phys-
ical properties seems to be more natural.
Is it then possible to define an edge or a virialized
region of a halo with the full phase-space information
available in simulations? The answer is certainly yes. In
Section 3.3.3, we have used the local virial ratio to es-
timate a virial radius. Busha et al. (2005) and Cuesta
et al. (2008) use the radial velocity profile to find the
equilibrated central region of halos in order to define a
size/mass of a halo. Inspecting the radial velocity pat-
terns around dark matter peaks allows one to identify
the static as well as the turnaround region of a halo.
This is probably the most promising method in order
to define an associated dynamic mass of a dark matter
halo and gives a detailed insight on how the physical
mass accretion happens. In practice, this method can
only be done in a satisfactory way by averaging over ra-
dial profiles of similar halos since individual halo profiles
can be quite noisy. This is a minor drawback of this
method. Falck et al. (2012) present the novel halo finder
ORIGAMI, that tracks the folding of the dark matter
sheet in phase-space, which allows for a dynamical def-
inition of a halo. They also find that their halos are
larger than corresponding FoF masses. All these phase-
space based definitions, however, are much more complex
to calculate than specifying the mass within a certain ra-
dius. Ultimately, one would like to compare theoretical
results from simulations and models with observations,
where such definitions are not practical since the neces-
7 Of course, equivalently to using ρ0, one could also specify the
mass within a physical scale, e.g. M(rs) or M(rvc,max ), or fixed
physical radius, since these quantities are related with ρ0 via an
integral over the density profile.
sary phase-space information is not available. Such defi-
nitions might be useful, however, to compare theoretical
models with simulation results.
Is it essential to define a virialized region or an
outer edge of a halo? We do not necessarily think
so and it might be helpful to liberate ourselves from
the Gedankenkorsett8 of the simplistic spherical collapse
model. For example, for the dynamics or gravitational
lensing it is not relevant if the matter further out is virial-
ized or not. The matter is there and acts gravitationally.
This is also reflected in the fact that, for example, other
(infalling) halos feel the influence of their future host way
beyond the formal virial radius and can be physically af-
fected (e.g. Hahn et al. 2009; Bahe´ et al. 2013; Behroozi
et al. 2014). Diemand & Kuhlen (2008) have studied
the dynamics in the outskirts of a Milky-Way-sized dark
matter halo (Via Lactea I) and found that matter (par-
ticle) and subhalo orbits typically extend out to about
90 % of their turnaround radius after their first pericen-
ter passage, i.e. a typical orbit brings subhalos and dark
matter particles back to beyond the formal virial radius
of a halo on the first two passages (see also Moore et al.
2004; Gill et al. 2005; Ludlow et al. 2009; Bahe´ et al.
2013). Also, the process of virialization is much more
complex. Diemand et al. (2007) showed that inner mass
shells contract by more than the canonical value of a fac-
tor of 2 from the spherical collapse model, whereas outer
mass shells contract by a factor smaller than 2 (see their
figure 1). The dynamically affected and collapsing region
around a halo is much larger and therefore also the asso-
ciated mass, which is based on the original definition of
the spherical collapse model. Anderhalden & Diemand
(2011) measured this total mass within the turnaround
region of a dark matter halo and found that the mass
of a halo is significantly higher than conventional virial
masses and the mass function is better described by the
original Press & Schechter (1974) form.
We see that size and mass is a somewhat ill-defined
concept in order to describe the complex structure of
dark matter halos. Physical processes (e.g. tidal mass
loss or dynamical friction) do not stop or start at a spe-
cific outer edge of a halo but their effect strength is
rather transitioning smoothly with the strength gener-
ally increasing with decreasing distance from the host.
Of course one could argue that a spherical overdensity
(or FoF) definition is just a convenient operational def-
inition of halo size/mass, but any such definition is in
principle arbitrary and does not indicate a fundamental
physical scale. It seems fine to us to use a spherical over-
density size/mass definition at a fixed time or redshift
in order to classify or rank the objects as we have done
in this study. However, such simple size/mass definitions
do not imply deeper fundamental physical properties like
being virialized. In order to study evolutionary effects,
it is not an adequate method though and just obscures
the real underlying physical processes.
An additional complication in this matter arises from
baryonic physics. The processes of star formation and
feedback can have the potential to affect the dark mat-
8 The literal translation from German is thought-corset. It de-
scribes the limiting reasons why someone cannot think freely or see
things from a new perspective, i.e. the box in ’thinking outside the
box’.
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ter distribution on large scales (e.g. Dubinski 1994;
Kazantzidis et al. 2004; Stanek et al. 2009; Abadi et al.
2010; Duffy et al. 2010; Kazantzidis et al. 2010; Pedrosa
et al. 2010; Tissera et al. 2010; Cui et al. 2012; Zemp et al.
2012; Bryan et al. 2013). Today, the major difficulty in
computational structure formation is to simulate these
complex processes in a robust way so that one can make
reliable predictions. Despite recent improvements (e.g.
Gnedin & Kravtsov 2011; Guedes et al. 2011; Hopkins
et al. 2011; Wise et al. 2012; Zemp et al. 2012; Agertz
et al. 2013; Hopkins et al. 2013a,b; Renaud et al. 2013;
Stinson et al. 2013; Sales et al. 2014), this is still an issue
(e.g. Scannapieco et al. 2012) and the improvement and
shift from phenomenological to more physical models is
the subject of current research in computational galaxy
formation. The changes in the overall dark matter dis-
tribution (e.g. contraction or expansion, depending on
the details of the modeling) also affect the details of the
size or mass definition of a halo (e.g. Stanek et al. 2009;
Cui et al. 2012). Also, the baryon fraction is in princi-
ple a function of radius (see e.g. figure 5 in Zemp et al.
2012) and a single number specified at a pseudo-evolving
formal virial radius is not an adequate description of the
complex distribution of the baryons.
Of course, this illusion of growth undermines to some
degree any concept that involves a pseudo-evolving size
or mass definition of dark matter halos. For example, the
standard way to describe the abundance of dark matter
halos in the universe is to use the mass function, i.e. the
mean number of objects of a certain mass per unit volume
and unit mass. The basic functional form of the mass
function is inspired by the original Press & Schechter
(1974) form, but there exist various parametrizations
in order to account for different cosmologies, mass def-
initions and evolutionary trends (e.g. Sheth & Tormen
1999; Jenkins et al. 2001; White 2002; Reed et al. 2003;
Springel et al. 2005; Warren et al. 2006; Reed et al. 2007;
Tinker et al. 2008; Pillepich et al. 2010; Bhattacharya
et al. 2011; More et al. 2011; Murray et al. 2013). The
pseudo-evolution of the formal virial mass affects also the
classification of halos into host and subhalos, since due
to the artificial growth of the virial radius, a neighboring
halo could be classified as a subhalo at a later time or for
a different size/mass definition. It has become clear in
recent studies that the mass function is not of universal
shape when aiming at high precision, i.e. the functional
form of the mass function will change as a function of
time. Decoding and understanding then the real physi-
cal evolution of the universe from a mass function that
uses a pseudo-evolving mass definition is a difficult task.
Another way to describe the abundance is the velocity
function, where the maximum circular velocity serves as
a ’size’ indicator for a halo. However, the issue of classi-
fication into host or subhalo remains in this case as well,
since often a formal virial radius is used for this.
In the literature, formal virial quantities also play a
major role in describing relations with various other
quantities (e.g. Bullock et al. 2001; Wechsler et al. 2002;
Zhao et al. 2003; Maccio` et al. 2007, 2008; Evrard et al.
2008; Zhao et al. 2009; Chae 2011; Moster et al. 2013)
as well as in semi-analytic models of galaxy formation,
where such relations are used to encapsulate complex
physical processes (e.g. Mo et al. 1998; Cole et al. 2000;
Baugh 2006; Croton et al. 2006; Benson & Bower 2010;
Guo et al. 2011). Any correlation between two pseudo-
evolving quantities is essentially trivial since the underly-
ing common mechanism is the cosmic expansion. Diemer
et al. (2013b) illustrate this for the virial concentration
- virial mass (cvir −Mvir) relation where they show that
pseudo-evolution almost entirely accounts for the evo-
lution of this relation at the low-mass end. It seems
difficult to identify plausible processes where a physical
quantity should correlate with quantities defined within
a pseudo-evolving formal virial region, which just sweeps
up matter that was essentially already in place before. It
is potentially more insightful to anchor scaling relations
to intrinsic physical quantities that do not show pseudo-
evolution. This makes it much easier to recognize the
relevant physical processes.
How should one define the ’size’ of a dark matter halo?
There is probably no unique or best definition and this
likely depends on the application. We think the driving
force behind this question should be how we compare
the results from simulations and models with observa-
tions. It is important for such comparisons that one uses
the same definitions so that one is not comparing apples
and oranges. A simple solution in order to avoid pseudo-
evolution would be to just keep the threshold density
fixed in time as we have done and shown as well in Figs.
2 and 3. Any such definition would of course still be ar-
bitrary and not define a fundamental physical scale of a
dark matter halo but in this way one keeps the ”meter-
stick” constant and one can better disentangle real physi-
cal growth from pseudo-evolution. This should work fine
in recent times and we have done this in this study for the
last 10 Gyr, i.e. up to ca. z ≈ 1.6. However, this method
is doomed to fail at early cosmic times, depending on the
exact threshold density used. For example, in the case of
keeping the threshold density at the value of 200 times
the mean matter density today (200m), the mean matter
density of the universe has reached that value at the red-
shift of z = 2001/3−1 = 4.848. Therefore, one cannot use
the same definition in order to describe halos at high red-
shift and today. In practice, however, the time or redshift
range of interest is often not that extreme (e.g. limited
redshift range in an observational survey) and a defini-
tion with a fixed density threshold in time is potentially
a good way to avoid the effect of pseudo-evolution. This
would also be convenient in a practical sense, since one
can use existing software tools with only modest modifi-
cations. Also intrinsic physical scales like the maximum
value of the circular velocity vc,max (and rvc,max), the con-
centration cv or the scale radius rs, which is physically
increasing with halo size/mass, could be used to describe
the ’size’ of a dark matter halo and are potentially also
easier to compare directly with observations. The use-
fulness of vc,max and cv as halo scales has been pointed
out before and they are also better suited to describe
subhalos (e.g. Klypin et al. 1999; Diemand et al. 2007;
Ascasibar & Gottlo¨ber 2008; Knebe et al. 2011, 2013).
In general, a more holistic approach and look at
the overall radial profile of physical quantities and a
parametrization based on intrinsic physical scales is po-
tentially a promising way in order to better describe
and understand the structure and evolution dark mat-
ter halos. For example, another important (derived)
virial scale used in the literature is the virial velocity,
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Figure 11. Relative evolution of the formal virial velocity v200m
over the last 10 Gyr compared with the evolution of the circular
velocity v200m0 . Plotted are the medians over all halo tracks (lines)
as well as the range between the 15th and 85th percentile (shaded
area). The pseudo-evolution of the virial velocity v200m is rather
moderate since the individual pseudo-evolution of size and mass
cancel to some degree. Thus, this is rather a property of NFW-like
density profiles than a specific fundamental property at a formal
virial radius.
vvir ≡
√
GMvir/rvir. This is just the value of the circu-
lar velocity at the formal virial radius. The virial velocity
is often used in order to set a characteristic energy scale
(e.g. Tvir ∝ v2vir) of the halo.
In Fig. 11, we see that the formal virial velocity v200m
is also pseudo-evolving when compared to the value of
v200m0 (fixed background density at z = 0). The pseudo-
evolution of v200m is rather small when compared to the
effect for the size or mass of a halo as we have seen in
previous sections (see e.g. Figs. 2 and 3). Such a mod-
est evolution of the virial velocity is also seen in Wein-
mann et al. (2013) for a large sample of dark matter
halos from the Millennium-II simulation (see their fig-
ure 4). This is due to the partial cancellation of the
pseudo-evolution of size and mass for the circular veloc-
ity vc(r) ≡
√
GM(r)/r. Differently viewed, it is rather a
characteristics of the shape of the circular velocity curve
for a density profile similar to the NFW shape that ex-
hibits a flattish plateau after the peak is reached than a
fundamental scale at the formal virial radius.
Similarly, in Diemer et al. (2013a) they investigate the
relation between mass and velocity dispersion (M -σ).
They show that this relation for clusters not only holds at
a formal virial scale but over a wide radial range. Thus it
is the result of tight equilibrium relations between radial
profiles of physical quantities, rather than a fundamental
property due to the virial theorem. This is also a nice
illustration, that the apparent fundamental relation at
a formal virial scale was obscuring a more general rela-
tion between physical quantities that holds over a wider
radial range. There are likely many more such cases.
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Figure 12. Relative evolution of the dynamical time at the formal
virial radius, t200m, over the last 10 Gyr. Plotted are the medians
over all halo tracks (lines) as well as the range between the 15th and
85th percentile (shaded area). We compare this with the evolution
of the dynamical time at r200m0 , which better reflects the actual
physical evolution of the dark matter halo. It is evident that t200m
gives the impression of a small characteristic time scale of the dark
matter halo at high redshift.
Another derived virial scale is the dynamical time at
the formal virial radius, tvir ≡
√
r3vir/GMvir = rvir/vvir,
which often serves as a characteristic time scale for phys-
ical processes (e.g. cooling or feedback) in analytic mod-
els. In Fig. 12, we compare the evolution of the time
scale t200m with the time scale t200m0 . We can clearly
see that for no physical reason the characteristic time
t200m would become much shorter at early times than
a more physically motivated time scale t200m0 . Thus,
the general discrepancy between physical scales and for-
mal virial scales could potentially account for some fun-
damental problems in (semi-)analytic models like, e.g.,
low-mass galaxy evolution (Weinmann et al. 2012).
The current status quo of how we describe the struc-
ture and evolution of dark matter halos in our universe is
somewhat unsatisfactory since often the underlying phys-
ical processes are obscured by an unfortunate, pseudo-
evolving parametrization or description. The fundamen-
tal problem here is, that simplistic analytic models of
structure formation cannot capture the complex pro-
cesses seen in cosmological structure formation simula-
tions. Using then concepts based on formal virial quan-
tities can give a distorted picture that does not properly
reflect the actual physical evolution of dark matter halos.
5. SUMMARY
In this study, we have critically investigated the
pseudo-evolution effect of sizes and masses of dark mat-
ter halos due to a spherical overdensity definition. We
summarize our findings as follows:
• The commonly used method of defining sizes and
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masses of dark matter halos based on an evolv-
ing overdensity threshold shows a large degree of
pseudo-evolution when compared to the size or
mass evolution within fixed physical scales or the
evolution of intrinsic physical properties (see Figs.
2, 3, 5, 6 and 10).
• The pseudo-evolution is more pronounced for low-
mass objects, which essentially have their density
profiles in place 10 Gyr ago even beyond a formal
virial radius. However, also for group and cluster
sized objects, which are still physically accreting at
z = 0, the pseudo-evolution is substantial. The de-
gree of pseudo-evolution also depends on how much
the threshold density varies (see Figs. 1 and 4).
• The FoF size and mass definitions are subject to
a similar pseudo-evolution effect as the spherical
overdensity definitions.
• Analytic merger trees are overestimating the mass
growth since they agree well with merger trees ex-
tracted from cosmological structure formation sim-
ulations that use a pseudo-evolving mass definition.
This indicates that it is difficult to capture the com-
plex mass assembly of dark matter halos with sim-
plistic models.
• The concept of size or edge of a dark matter halo is
somewhat ill-defined and one can in practice only
specify operationally defined scales. Such ’size’ def-
initions are in principle arbitrary and do in general
not coincide with the virialized region.
• It is a physically more appropriate nomenclature to
name these halo scales by their characteristics, e.g.
r200m/M200m or r180c/M180c, and one should re-
frain from calling them virial radius or virial mass,
since this is a deeper physical property that is not
implied by such simple ’size’ definitions.
• In general, we question the widely accepted view
of attributing pseudo-evolving formal virial quan-
tities central importance for describing the struc-
ture and evolution of dark matter halos (and some-
times even of galaxies within the halos, as done
in semi-analytic models). Concepts and relations
based on pseudo-evolving formal virial quantities
do not properly represent the actual evolution of
dark matter halos and lead to an inaccurate pic-
ture of the physical evolution of our universe. In
order to gain a better physical picture of our uni-
verse, it might be auspicious to parametrize such
relations with respect to intrinsic physical scales of
dark matter halos or with ’size’ measures that do
not show pseudo-evolution.
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APPENDIX
PSEUDO-EVOLUTION MECHANISM
In Fig. 13, we illustrate the pseudo-evolution mechanism for an individual dark matter halo. For this object, the
200m size/mass definition would suggest that the formal virial radius r200m has grown from 202.0 kpc to 674.6 kpc (ca.
a factor 3.3 increase) and the virial mass M200m from 4.580× 1012M to 9.793× 1012M (ca. a factor 2.1 increase)
in the last 10 Gyr. However, the density profiles do not show much physical evolution in the same time interval which
is also reflected in the only 6% increase in the peak circular velocity value. At redshift z = 1.592, the mass within the
formal virial radius at z = 0 was M(r200m,0) = 9.130× 1012M. This means that 93% of the mass within the physical
scale r200m,0 was already present 10 Gyr ago for this dark matter halo.
EVOLUTION OF MASS RATIOS
Here, we illustrate the evolution of the mass ratio of the 3 size/mass definitions used in this work. In Fig. 14, we
plot ME98/M180c and M200m/M180c over the last 10 Gyr for 3 mass categories. In general, the discrepancy between
the various definitions becomes larger with time as can be intuitively understood from the evolution of the defining
threshold density in Fig. 1. The ratios do not only grow with time but become also larger for more massive objects.
Therefore, there can be quite a difference in halo mass for the same object, depending on the used definition (see also
White 2001; Hu & Kravtsov 2003). The exact definition of the size of a halo also influences the classification of objects
as host or subhalos, which in turn affects the abundance (i.e. mass function) of the dark matter halos.
ESTIMATION OF THE VIRIAL RATIO
In each spherical shell, we calculate the velocities of the dark matter particles with respect to the halo center.
We convert them to physical velocities by adding the coordinate expansion (Hubble flow) since the simulation was
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Figure 13. Illustration of the pseudo-evolution mechanism for an individual dark matter halo. For all quantities shown, the dashed lines
show the values at z = 1.592 and the solid lines the values today at z = 0, i.e. a time span of ca. 10 Gyr. The horizontal lines show
that the value for 200ρmean has dropped by a factor of 17.42 between those 2 snapshots. The thin diagonal lines denote the density profile
ρ(r) and the normal diagonal lines denote the enclosed density profile ρenc(r) ≡M(r)/(4pir3/3) in physical coordinates. From the density
profiles it is clearly evident, that there is not much actual physical evolution for this object in the last 10 Gyr. This is also reflected in the
rather moderate change of the peak circular velocity value vc,max from 321.8 km s−1 to 342.4 km s−1 (ca. 6% increase) during that time
interval. However, the 200m size/mass definition would suggest that the formal virial radius r200m (vertical lines) has grown from 202.0
kpc to 674.6 kpc (ca. a factor 3.3 increase) and the virial mass M200m from 4.580×1012M to 9.793×1012M (ca. a factor 2.1 increase).
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Figure 14. Evolution of the mass ratios ME98/M180c and M200m/M180c over the last 10 Gyr. Plotted are the medians over the halo
tracks in the specific mass class as well as the range between the 15th and 85th percentile as shaded region. The mass ratios grow with
time as well as with halo mass.
performed in comoving coordinates. The kinetic term in the shell is then simply calculated by
K≡ 1
2
∑
i
mi
(
v2rad,i + v
2
ϕ,i + v
2
θ,i
)
(C1)
=
1
2
M
(
v¯2rad + v¯
2
ϕ + v¯
2
θ + σ
2
rad + σ
2
ϕ + σ
2
θ
)
(C2)
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where M =
∑
imi is the total mass in the shell and the sum is over all particles in the shell. We have decomposed
the velocity field in spherical coordinates. The second form allows us to use the mean velocities and dispersions for
the different velocity components calculated by the profiling tool.
For an isolated, spherically symmetric structure, the potential at r is given by (Binney & Tremaine 2008, equation
2.28)
Φ(r) = −GM(r)
r
−G
∫ ∞
r
dM(r′)
r′
. (C3)
In cosmology, the potential results from the density perturbations and we can remove the contribution of the constant
background density (Jeans Swindle, see e.g. Binney & Tremaine 2008; Falco et al. 2013). In practice, we only do the
integration of the outer part of the potential out to a finite radius instead of infinity or until we reach the mean matter
density. We have checked and found it not to be very sensitive on the exact value as long as it is of the order of a few
Mpc, as in our case. We then interpolate on the resulting potential to get the value at the middle radius of each shell.
The potential energy of the mass M in each shell with middle radius rm is then simply given by
W =
1
2
MΦ(rm) . (C4)
Here, a side remark is in place. Often one finds studies that use the local (differential), as in this study, or cumulative
version of the virial ratio Q as a function of radius, where it shows an upturn towards the center of the halo with large
values for Q that would mean the matter in the center is unbound, i.e. Q > 2 (e.g. Cole & Lacey 1996; Maccio` et al.
2003; Shaw et al. 2006). Of course, this does not make physical sense and is an artifact of neglecting the contribution
of the outer part of the potential (second term on the right-hand side in equation (C3)) as we have verified. In Shaw
et al. (2006) they remedy this situation by including a surface pressure term.
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